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Abstract
The aim of this paper is to give a brief survey about Lp continuity and microlocal
regularity for classical pseudodifferential operators, with p 6= 2. In particular, we
focus on some classes of operators with smooth symbol satisfying decay properties
of quasi-homogeneous or completely non-homogeneous type.
1 Introduction




eix·ξa(x, ξ)û(ξ) dξ, u ∈ S(Rn), (1.1)
where û(ξ) is the Fourier transform of u. The symbol a(x, ξ) is considered in the Hörmander
classes Smρ,δ, characterized, for m ∈ R and 0 ≤ δ ≤ ρ ≤ 1 by the estimates:
|∂αξ ∂βxa(x, ξ)| ≤ cα,β (1 + |ξ|)
m−ρ|α|+δ|β| , x, ξ ∈ Rn. (1.2)
It is well known, see e.g. Hörmander [20], that for 0 ≤ δ < ρ ≤ 1 the pseudodifferential
operators of order m = 0 are L2 bounded and the same is true when δ = ρ 6= 1. In the
case δ = ρ = 1 a counterexample of Ching, [6] 1972, showed that the L2 continuity is
not in general assured. In order to find general conditions for the L2 continuity of pseu-
dodifferential operators in Op Sm1,1 the reader can consider the theory of paradifferential
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operators, introduced in Bony [5] and well summarized in [25]. A result of microlocal
continuity in the Sobolev (Bessel Potential) spaces Hs,2 is given in [10].
In this paper the aim is to give a brief survey about Lp continuity and microlocal regu-
larity for classical pseudodifferential operators, with p 6= 2 .
The problem of Lp boundedness, 1 < p < ∞, when ρ = 1 is completely solved since the
early years of development of the pseudodifferential theory, see e.g [30], [33]. The same
is true for the study of the regularity of solutions to elliptic pseudodifferential equations.
Here and in the following the Lp and the related Sobolev spaces are intended on Rn, in
any occurrence where, for short, this is omitted.
In section §2 we summarize some informations about the literature on the ρ 6= 1 case,
starting from the very basic results of Hörmander [20], which clarify that the pseudodif-
ferential operators of order zero are not in general Lp bounded, but one needs operators
of suitable negative order which strictly depends on ρ itself.
The issue of the negative order for obtaining the Lp boundedness was completely solved
by a sharp result of Fefferman [7], as specified in the next Theorem 2.3.
Let us notice that also the generalized weighted symbol classes, introduced by R. Beals [1],
[2], [3], require δ < ρ = 1 for obtaining the Lp continuity for pseudodifferential operators
of zero order.
In the last part of §2 we describe the layout of Taylor [30], by considering pseudodifferen-
tial operators of order zero which satisfy an additional property, that directly assures their
boundedness on Lp, 1 < p <∞. The difference with respect to the preceding cases is that
now we can apply the Marcinkiewicz Lemma on the Lp continuity of Fourier multipliers.
The pseudodifferential operators of quasi-homogeous type, introduced at first by Lascar
[23], fit very well, in a natural way, the Taylor model. We describe this case in §3, §4,
where we construct also a quasi-homogeneous version of the tools needed for studying
the microlocal regularity in the generalized Sobolev spaces Hs,pM . We refer here to the
results obtained in [15]. By means of the quasi-homogeneous weights, we can plainly
study the hypoellipticity of the heat operator and microlocal propagation of singularities
for Schrödinger operator.
For the study of continuity and microlocal properties of quasi-homogeneous pseudodif-
ferential operators in the case δ = ρ = 1 and Sobolev space with summability exponent
p = 2, we address to [11].
In §5, following the approach of Rodino [26], we introduce a class of local vector weighted
symbols Sm,Λ(Ω), wherem(ξ) and Λ(ξ) = (λ1(ξ), . . . , λn(ξ)) are positive continuous weight
and weight vector. The corresponding pseudodifferential operators could be considered
in the frame of general pseudodifferential calculus of Beals [1], Hörmander [21]. In this
framework we study the microlocal regularity on a scale of Sobolev spaces Hpm. From this
point of view the main problem consists in the complete lack of any homogeneity property
of the weights m(ξ) and Λ(ξ). Thus for describing the microlocal regularity of a distribu-
tion u ∈ D′(Ω), we cannot use the conic neighborhoods as done in the classical definition
of the Hörmander wave front set, see [19, I]. Also the quasi-homogeneous wave front set
introduced in §3 is not useful in this case. For this reason, following the arguments in
[26], [9], we introduce the concepts of characteristic filter of a pseudodifferential operator
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and of filter of weighted Sobolev regularity of u ∈ D′(Ω). We can then give a result of
microlocal propagation of singularities for solutions to (pseudo)differential equations. The
results are all proved in [17].
2 Classical estimates
Let us consider the problem of Lp continuity for pseudodifferential operators in OpSmρ,δ,
starting from the following result of Hörmander [20, Theorem 1.1].
Theorem 2.1. If A is a bounded translation invariant operator from Lq to Lp and q > p
we have A = 0 if q <∞ and if q =∞ the restriction of A to L∞0 is 0.
Here L∞0 is the set of L
∞ functions which tend to 0 at infinitive.
We then obtain the necessary condition q ≤ p for a not trivial pseudodifferential operator
to satisfy, for 1 ≤ p, q ≤ ∞ and some positive C, the inequality
‖a(x,D)u‖Lp ≤ C‖u‖Lq , u ∈ S(Rn). (2.1)
The following result is proved in [20] as a quite easy consequence of the L2 continuity of
the pseudodifferential operators in OpSmρ,δ, 0 ≤ δ < ρ ≤ 1.
Theorem 2.2. If q ≤ 2 ≤ p, 0 ≤ δ < ρ ≤ 1 the estimate (2.1) is valid for any a(x, ξ) ∈









with strict inequality if q = 1 or p =∞.
In the cases q ≤ p ≤ 2 or 2 ≤ q ≤ p the result depends on the choice of 0 < ρ ≤ 1.
In order to obtain (2.1) for any a(x, ξ) ∈ S−mρ,δ , it is essentially proved in Wainger [32],





















with strict inequality if q = 1 or p = ∞. The inequality (2.3) clearly agrees with (2.2)
when q ≤ 2 ≤ p.
When p = ∞ and q > 2 the sufficiency of the strict inequality (2.3) is also essentially
contained in the results of Wainger [32].
By an interpolation theorem of Stein [28] the sufficiency of the strict inequality (2.3)
follows in general since Theorem 2.2 has already shown it for q ≤ 2 ≤ p.
At the end of Hörmander [20] it is left as an open problem whether (2.1) is satisfied by all
a(x,D) ∈ OpS−mρ,δ , 0 ≤ δ < ρ < 1, when there is equality in (2.3), in which case Theorem
2.2 is not applicable.
If we consider the case 1 ≤ p = q ≤ ∞, p 6= 2, then (2.3) reduces to




In this case the problem is completely solved by
Theorem 2.3. [Feffermann [7], 1973]
a) let a(x, ξ) be a symbol in S−mρ,δ with 0 ≤ δ < ρ < 1 and m < n2 (1 − ρ). Then the
operator a(x,D) is bounded on Lp, 1 < p <∞, provided that:
m ≥ n(1− ρ)
∣∣∣∣1p − 12
∣∣∣∣ . (2.5)
b) If m < n(1− ρ)






belongs to the class S−mρ,0 and provides an operator aρ,m(D) unbounded on L
p.




ρ,δ so that the critical L
p space is L1. Although a(x, ξ) is
unbounded on L1, it is bounded on the Hardy space H1.
The part b) of the previous theorem is exactly the counter-example of Wainger [32],
and the part a) must be proved in the critical case when the inequality is not strict.
Feffermann observes that a) may be obtained from c) by a not trivial interpolation.
Moreover the proof of a) and c) requires a technique of Feffermann and Stein [8], based
on the class of functions with bounded mean oscillation (BMO).
A different point of view was introduced by Taylor, who realized that the proof of the
Lp continuity of pseudodifferential operators in OpS01,0 may be adapted to show the L
p
boundedness of some suitable subclasses of the zero order operators in Op S0ρ,0, ρ ∈]0, 1[.
This is obtained by replacing the Mikhlin-Hörmander Lemma about Fourier multipliers
with the following analogous result due to Marcinkiewicz and Lizorkin (see [24, 29]).
Lemma 2.4. Set K := {0, 1}n. Let the function a(ξ) be continuous on Rn together with
all its derivatives of the form ∂γξ a(ξ), γ ∈ K. If a constant B > 0 exists such that
|ξγ∂γξ a(ξ)| ≤ B, ξ ∈ R
n, γ ∈ K, (2.7)
then for every p ∈]1,+∞[ we can find a constant Ap > 0, depending only on p, B and the
dimension n, such that
‖a(D)u‖p ≤ Ap‖u‖p, u ∈ S(Rn).
According to Taylor [30], we give the following
Definition 2.5. For m ∈ R and ρ ∈ ]0, 1], Mmρ is the class of all functions a ∈ C∞(R2n)
such that for every γ ∈ K




Notice that the requirement (2.8) is equivalent to assuming that for any multi-indices
α, β ∈ Zn+ and some Cα,β > 0,
|ξγ∂γ+αξ ∂
β
xa(x, ξ)| ≤ Cα,β〈ξ〉m−ρ|α|, (x, ξ) ∈ R2n, γ ∈ K (2.9)
(cf. [12], Proposition 3.1). The usual symbolic calculus of pseudodifferential operators
holds true in Op Mmρ . For zero order operators the following result holds (cf. [30]).
Theorem 2.6. Let a(x, ξ) belong to M0ρ . Then for every p ∈]1,+∞[ the operator a(x,D)
is Lp bounded.
The Lp property given by Theorem 2.6 can be easily extended to pseudodifferential
operators in Op Mmρ with arbitrary order m ∈ R. After introducing the Sobolev (Bessel
Potential) spaces Hs,p := {u ∈ S ′(Rn) : 〈D〉su ∈ Lp(Rn)} , p ∈]1,+∞[ and s ∈ R, where
〈D〉su = F−1 (〈·〉sû), we obtain
Proposition 2.7. Let a(x, ξ) belong to Mmρ with arbitrary m. Then, for every real s, the
following operator
a(x,D) : Hs+m,p → Hs,p
is linear and continuous, whenever p belongs to ]1,+∞[.
3 Quasi-homogeneous pseudodifferential operators
In order to provide regularity results to partial differential equations of generalized elliptic
type, as for example the heat equation, in this section we are concerned with continuity
of pseudodifferential operators of quasi-homogeneous type, as originally introduced by
Lascar [23], see also Segàla [27], Yamazaki [34], Garello [11]. All the results in the next
two sections are proved in [15], or in the references given there.
Consider a vector M = (m1, . . . ,mn) with positive integer components such that
min
1≤j≤n
mj = 1. The quasi-homogeneous weight in Rn is defined by









, ξ ∈ Rn . (3.1)







Euclidean norm |ξ| corresponds to the case M = (1, . . . , 1).
Proposition 3.1. For any vector M = (m1, . . . ,mn) ∈ Zn+ satisfying the previous as-
sumptions, there exists a suitable positive constant C such that
i) 1
C
(1 + |ξ|) ≤ 〈ξ〉M ≤ C(1 + |ξ|)m
∗
, ∀ ξ ∈ Rn ;
ii) |ξ + η|M ≤ C(|ξ|M + |η|M), ∀ ξ, η ∈ Rn ;
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iii) (quasi-homogeneity) |t1/Mξ|M = t|ξ|M , ∀ t > 0 , ∀ ξ ∈ Rn ,
where t1/Mξ = (t1/m1ξ1, . . . , t
1/mnξn);
iv) ξγ∂α+γ|ξ|M ≤ Cα,γ〈ξ〉1−α·1/MM , ∀α, γ ∈ Zn+ ,∀ ξ 6= 0.
Definition 3.2. Given m ∈ R and δ ∈ [0, 1], SmM,δ will be the class of functions a(x, ξ) ∈
C∞(R2n) such that for all multi-indices α, β ∈ Zn+ there exists Cα,β > 0 such that:
|∂βx∂αξ a(x, ξ)| ≤ Cα,β〈ξ〉
m−α·1/M+δβ·1/M
M , (x , ξ) ∈ R
2n . (3.2)




which establishes a suitable relation between the quasi-homogeneous classes SmM,δ and the
Hörmander symbol classes Smρ,δ, where 0 ≤ ρ < 1, excluding the trivial case M = (1, . . . , 1)
For the adjoint and the product of pseudodifferential operators in OpSmM,δ, a suitable
symbolic calculus is developed in [13] with some restrictions on δ; we quote here the
result
Proposition 3.3 (Symbolic calculus). 1. If a(x,D) ∈ OpSmM,δ with 0 ≤ δ < 1/m∗,
the adjoint operator a(x,D)∗ still belongs to OpSmM,δ and its symbol a
∗(x, ξ) satisfies








xa(x, ξ) ∈ S
m−(1/m∗−δ)k
M,δ ;








2. If a(x,D) ∈ OpSm1M,δ1, b(x,D) ∈ OpS
m2
M,δ2
with 0 ≤ δ2 < 1/m∗, then
a(x,D)b(x,D) ∈ OpSm1+m2M,δ ,









x b(x, ξ) ∈ S
m1+m2−(1/m∗−δ2)k
M,δ ; (3.4)








We observe that symbols in the class S0M,δ plainly satisfy the Lizorkin-Marcinkiewicz
condition (2.7), which allows to develop the Lp-theory of the pseudodiffererential operators
in Op SmM,δ for 1 < p <∞.
The suitable functional setting is provided by a quasi-homogeneous counterpart of the
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Sobolev (Bessel Potential) spaces, namely for s ∈ R and p ∈]1,+∞[, we say that a
distribution u ∈ S ′(Rn) belongs to the quasi-homogeneous Sobolev space Hs,pM , if
〈D〉sMu := F−1(〈·〉sM û) ∈ Lp(Rn) . (3.5)
Hs,pM becomes a Banach space, when provided with the norm ||u||Hs,pM := ||〈D〉
s
Mu||Lp .
The case p = 1 is not considered since, in order to prove the continuity result in Theorem
3.4, HsM,p must be stated in terms of dyadic decompositions, which characterize H
s,p
M only
for 1 < p <∞, see [31, §2.3.5], [14].
The following continuous embeddings can be easily established
S(Rn) ⊂ Hs,pM ⊂ H
r,p
M , r < s and p ∈]1,+∞[. (3.6)
Theorem 3.4. If a(x, ξ) ∈ SmM,δ, m ∈ R, δ ∈ [0, 1[ then
a(x,D) : Hs+m,pM → H
s,p
M for any s ∈ R (3.7)
is a linear continuous operator.
If δ = 1, then the mapping property (3.7) is still true for s > 0.





larizing operators, namely they can be extended to linear bounded operators from S ′(Rn)
into the space of polynomially bounded C∞ functions in Rn, with polynomially bounded
derivatives, and from the space E ′(Rn) of the compactly supported distributions in Rn
into the Schwartz space S(Rn).
4 Microlocal Sobolev regularity
In this section we introduce a quasi-homogeneous Sobolev version of Hörmander wave
front set, see [22, I].
Let M be a vector as defined at the beginning of §3, we say that a set ΓM ⊂ Rn \ {0} is
M−conic, if
ξ ∈ ΓM ⇒ t1/Mξ ∈ ΓM , ∀ t > 0 .
Moreover a ∈ S ′(R2n) is microlocally regularizing in (x0, ξ0) ∈ T ◦Rn := Rn × (Rn \ {0}) if
there exist U open neighborhood of x0 and ΓM open M−conic neighborhood of ξ0 such
that a| U×ΓM ∈ C∞(U × ΓM) and for every m > 0 and all α, β ∈ Zn+ a positive constant
Cm,α,β > 0 is found in such a way that:
|∂αξ ∂βxa(x, ξ)| ≤ Cm,α,β(1 + |ξ|)−m , (x, ξ) ∈ U × ΓM . (4.1)
We write a(x, ξ) ∈ mclS−∞(U × ΓM).
Definition 4.1. We say that a symbol a ∈ SmM,δ is microlocally M−elliptic at (x0, ξ0) ∈
T ◦Rn if there exist an open neighborhood U of x0 and an M−conic open neighborhood
ΓM of ξ
0 such that for c0 > 0, ρ0 > 0:
|a(x, ξ)| ≥ c0〈ξ〉mM , (x, ξ) ∈ U × ΓM , |ξ|M > ρ0 . (4.2)
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Moreover the M- characteristic set of a ∈ SmM,δ (or a(x,D)) is CharM(a) ⊂ T ◦Rn defined
by
(x0, ξ
0) ∈ T ◦Rn \ CharM(a) ⇔ a is microlocally M-elliptic at (x0, ξ0) . (4.3)
Proposition 4.2. microlocal parametrix. Assume that 0 ≤ δ < 1/m∗. Then a ∈ SmM,δ
is microlocally M−elliptic at (x0, ξ0) ∈ T ◦Rn if and only if there exist symbols b, c ∈ S−mM,δ
such that
a ] b− 1 and c ] a− 1 (4.4)
are microlocally regularizing at (x0, ξ
0).
For s ∈ R, 1 < p < ∞, we define the Hs,pM - wave front set of u ∈ S ′(Rn), denoted
WFHs,pM (u), as follows
Definition 4.3. Consider (x0, ξ
0) ∈ T ◦Rn then
(x0, ξ
0) /∈ WFHs,pM (u) (4.5)
if there exist φ ∈ C∞0 (Rn) identically one in a neighborhood of x0, ψ(ξ) ∈ S0M identically
one on ΓM ∩ {|ξ|M > ε0}, for ΓM ⊂ Rn \ {0} M−conic neighborhood of ξ0 and 0 < ε0 <
|ξ0|M , satisfying
ψ(D)(φu) ∈ Hs,pM . (4.6)
If (4.6) is satified we also say that u ∈ S ′(Rn) is microlocally in Hs,pM at (x0, ξ0).
We say that x0 /∈ Hs,pM − singsupp (u) if and only if there exists a function φ ∈ C∞0 (Rn),
φ ≡ 1 in some open neighborhood of x0, such that φu ∈ Hs,pM .
Hs,pM − singsupp (u) and WFHs,pM (u) are closed subsets respectively of R
n and T ◦Rn, more-
over WFHs,pM (u) is M − conic in the ξ variable.
Proposition 4.4. For every u ∈ S ′(Rn) and s ∈ R we have:
Hs,pM − singsupp(u) = π1(WFHs,pM (u)) ,
where π1 is the canonical projection of T
◦Rn onto Rn.
We then state the main result of microlocal Sobolev continuity and regularity for
pseudodifferential operators in OpSmM,δ and give few examples.
Theorem 4.5. Consider m ∈ R, δ ∈ [0, 1/m∗[ and a ∈ SmM,δ, then for every s ∈ R,
1 < p <∞ and u ∈ S ′(Rn)
WFHs,pM (a(x,D)u) ⊂ WFHs+m,pM (u) ⊂ WFHs,pM (a(x,D)u) ∪ CharM(a) . (4.7)
Examples
4.1. Consider M = (1, 2). Both the heat operator: H(∂) = ∂x1−∂2x2 and the Schrödinger
operator: S(∂) = i∂x1 − ∂2x2 may be considered as operators in OpS
1
M . The first
one is clearly M -elliptic, while the M-characteristic set of the second one is the set
{(x1, x2, η2, η), x1, x2 ∈ R, η ∈ R \ {0}}.
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4.2. Consider the operators
Q(x, ∂) = x1∂x1 + i∂x1 − ∂2x2 with symbol q(x, ξ) = ix1ξ1 − ξ1 + ξ
2
2 ; (4.8)
P (x, ∂) = x1∂x1 − ∂2x2 with symbol p(x, ξ) = ix1ξ1 + ξ
2
2 . (4.9)
Both of them can be considered as operators in OpS1M . We have
CharM(q) =
{
(0, x2, ξ1, ξ2); x2 ∈ R , ξ1 = ξ22 , ξ2 6= 0
}
.
About the operator P (x, ∂) we can notice that for x0 = (0, x02), with an arbitrary
x02 ∈ R, p(x0, ξ) = 0 if and only if ξ2 = 0; thus the M -characteristic set CharM(p) =
{(0, x2, ξ1, 0); ξ1 6= 0} coincides with the classical (conic) characteristic set Char(p).
5 m-Pseudodifferential operators on Lp
In the following the Sobolev microlocal regularity results, previously obtained for quasi-
homogeneous pseudodifferential operators, are extended to the more general framework
of pseudodifferential operators, where the decay of symbols and their derivatives are esti-
mated by general non-homogeneous weights.
Notations. For χ(ξ), κ(ξ) positive continuous functions of ξ ∈ Rn and C, c positive
constants, we set:
• χ(ξ)  κ(ξ), if c ≤ χ(ξ)
κ(ξ)
≤ C, for any ξ ∈ Rn;
• χ(ξ) ≈ χ(η) in a domain D if c ≤ χ(η)
χ(ξ)
≤ C , for any ξ, η ∈ D.
Definition 5.1. A vector valued function Λ(ξ) = (λ1(ξ), . . . , λn(ξ)), ξ ∈ Rn, with positive
continuous components, is a weight vector if there exist positive constants C, c such that
for any j = 1, . . . , n:
c〈ξ〉c ≤ λj(ξ) ≤ C〈ξ〉C (polynomial growth); (5.1)
λj(ξ) ≥ c|ξj| (M-condition); (5.2)
λj(η) ≈ λj(ξ) when
n∑
k=1
|ξk − ηk|λk(η)−1 ≤ c (slowly varying condition). (5.3)
A positive real continuous function m(ξ) is an admissible weight, associated to Λ(ξ), if for
some positive constants N,C, c
m(η) ≤ C m(ξ) (1 + |η − ξ|)N (temperance); (5.4)
m(η) ≈ m(ξ) when
n∑
k=1
|ξk − ηk|λk(η)−1 ≤ c. (5.5)
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From (5.4), it follows that c〈ξ〉−N ≤ m(ξ) ≤ C〈ξ〉N .
It is trivial that any positive constant function on Rn is an admissible weight associated
to any weight vector Λ(ξ).
Consider Λ̃(ξ)  Λ(ξ), that is λj(ξ)  λ̃j(ξ), j = 1, . . . , n; then Λ̃(ξ) is again a weight
vector. Similarly m̃(ξ)  m(ξ) is an admissible weight.
Examples
5.1. For 〈ξ〉M defined in the previous Section 3, cf. (3.1), ΛM(ξ) =
(




is a weight vector. For s ∈ R, 〈ξ〉sM is an admissible weight.
5.2. Consider a continuous function λ(ξ) satisfying (5.1) and the strong slowly varying
condition:


















is a weight vector, see
[16, Proposition 1] for the proof. For s ∈ R λ(ξ)s is an admissible weight. In




, where V (P) is the set of the vertices of a complete Newton poly-
hedron P as introduced in [18], see also [4]; in this case, the value µ in (5.6) is called
formal order of P .
For the sake of generality, we introduce the symbol classes in local form. All the results
obtained for quasi-homogeneous pseudodifferential operators in the preceding §3, 4 may
be translated into such local point of view.
For Ω open subset of Rn, we set K ⊂⊂ Ω, when K is a compact subset of Ω.
Definition 5.2. For Λ(ξ) weight vector and m(ξ) admissible weight, the symbol class
Sm,Λ(Ω) is given by all the functions a(x, ξ) ∈ C∞(Ω × Rn), such that, for any K ⊂⊂ Ω,
α, β ∈ Zn+ and suitable cα,β,K > 0:
sup
x∈K
|∂αξ ∂βxa(x, ξ)| ≤ cα,β,Km(ξ)Λ(ξ)−α, ξ ∈ Rn (5.7)




Sm,Λ(Ω) turns out to be a Fréchet space, with respect to the family of natural semi-norms
defined as the best constants cα,β,K involved in the estimates (5.7).
Henceforth Λ(ξ) will always be a weight vector and all the admissible weights m(ξ)
will be referred to it.
Remark 5.3. 1. Considering the constants C, c in (5.1) and N in (5.4), the following
relation with the usual Hörmander [22] symbol classes Smρ,δ(Ω), 0 ≤ δ < ρ ≤ 1, is
trivial:
Sm,Λ(Ω) ⊂ SNc,0(Ω) . (5.8)
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Then for any weight vector Λ(ξ), m(ξ) admissible weight and a(x, ξ) ∈ Sm,Λ(Ω), the
m−pseudodifferential operator a(x,D) is defined by (1.1).
The operator a(x,D) maps continuously C∞0 (Ω) to C
∞(Ω) and it extends to a
bounded linear operator from E ′(Ω) to D′(Ω).
2. If m1,m2 are admissible weights such that m1 ≤ Cm2, then Sm1,Λ(Ω) ⊂ Sm2,Λ(Ω),
with continuous embedding. In particular Sm1,Λ(Ω) = Sm2,Λ(Ω), as long asm1  m2.
When the admissible weight m is an arbitrary positive constant function, Sm,Λ(Ω)
will be just denoted by SΛ(Ω) and a(x, ξ) ∈ SΛ(Ω) will be called a zero order symbol.
The proofs of all the results in the following are given in [17], and the references given
there.





λj(ξ), ξ ∈ Rn (5.9)
is an admissible weight associated to Λ(ξ) and it moreover satisfies (5.6), with µ = 1;
ii) If m,m′ are admissible weights associated to the weight vector Λ(ξ), then the same
property is fulfilled by mm′ and 1/m.









ak(x, ξ) ∈ Smπ−N ,Λ(Ω) . (5.11)
By ÕpSm,Λ(Ω) we denote the class of properly supported m−pseudodifferential operators
which map C∞0 (Ω) to C
∞
0 (Ω), C
∞(Ω) to C∞(Ω) and extend to bounded linear operators
on E ′(Ω) and D′(Ω).
Proposition 5.5 (Symbolic calculus). Consider a(x,D) ∈ OpSm,Λ(Ω) and b(x,D) ∈
ÕpSm′,Λ(Ω), where m(ξ),m
′(ξ) are admissible weights, both associated to the same weight
vector Λ(ξ). Then we have:
i) a(x,D)∗ ∈ OpSm,Λ(Ω) and a(x,D)∗ = a∗(x,D), where a∗(x, ξ) ∈ Sm,Λ(Ω) satisfies








xa(x, ξ) . (5.12)
Moreover a(x,D)∗ ∈ ÕpSm,Λ(Ω) if a(x,D) is assumed properly supported.
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Considering a(x, ξ) ∈ Sm,Λ(Ω) and using (5.7), (5.4), (5.1), (5.2), it immediately fol-
lows that for any α, γ ∈ Zn+, K ⊂⊂ Ω,
sup
x∈K
|ξγ∂α+γξ a(x, ξ)| ≤Mα,γ,K〈ξ〉
N−c|α| , ξ ∈ Rn ,
with some positive constants Mα,γ,K , N, c. Then Sm,Λ(Ω) ⊂ MNc (Ω). Here M rρ (Ω),
0 < ρ ≤ 1, are the local version of the symbol classes defined in Taylor [30], see also
Definition 2.5. Then the next result immediately follows from Theorem 2.6:
Theorem 5.6. If a(x, ξ) ∈ SΛ(Ω), then, for any 1 < p <∞:
a(x,D) : Lpcomp(Ω) 7→ L
p
loc(Ω) continuously.
If a(x,D) is assumed to be properly supported, then it is bounded both as operator on
Lpcomp(Ω) and on L
p
loc(Ω).
It may be proved by means of technical arguments that for any admissible weight m(ξ)
there exists a smooth equivalent weight m̃(ξ) whose derivatives satisfy the estimates
|∂αm̃(ξ)| ≤ cαm(ξ)Λ(ξ)−α, for some cα > 0. (5.14)
Identifying now m(ξ) and m̃(ξ), we can define for 1 < p <∞ the weighted Sobolev space:
Hpm := {u ∈ S ′(Rn), such that m(D)u ∈ Lp(Rn)} . (5.15)
Hpm is a Banach space when equipped with the norm ‖u‖p,m := ‖m(D)u‖Lp (Hilbert space
when p = 2).
For any open subset Ω ⊂ Rn the following local spaces may be introduced:
Hpm,loc(Ω) = {u ∈ D





where Hpm(K) is the closed subspace of H
p
m, consisting of the distributions supported in
the compact set K. The notations in Theorem 5.6 are now completely clarified.
Hpm,loc(Ω) equipped with the family of seminorms pψ(·) := ‖ψ · ‖m,p = ‖m(D)ψ · ‖Lp ,
ψ ∈ C∞0 (Ω) arbitrary, is a Fréchet space. Hpm,comp(Ω) is provided with the inductive limit
topology of the spaces Hpm(K), for K ranging on the collection of all compact subsets of Ω.
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Proposition 5.7. Assume m,m′ admissible weights, a(x, ξ) ∈ Sm′,Λ(Ω) and p ∈]1,∞[.
Then a(x,D) extends to a bounded linear operator:
a(x,D) : Hpm,comp(Ω) 7→ H
p
m/m′,loc(Ω). (5.18)
If moreover a(x,D) is a properly supported operator then the following maps are contin-
uous:
a(x,D) : Hpm,comp(Ω) 7→ H
p
m/m′,comp(Ω); (5.19)
a(x,D) : Hpm,loc(Ω) 7→ H
p
m/m′,loc(Ω). (5.20)
The complete lack of any homogeneity property of Λ(ξ) and m(ξ) prevents us from
defining the characteristic set of a(x,D) in terms of conic or M−conic neighborhoods
in Rnξ . We try then an alternative way to solve the problem by the introduction of the
following tools.
Following Rodino [26] and Garello [9], the Λ-neighborhood of a set X ⊂ Rn with length





|ξj − ξ0j | < ελj(ξ0), for j = 1, . . . , n
}
. (5.21)
Moreover for x0 ∈ Ω we set:
X(x0) := {x0} ×X , XεΛ(x0) := Bε(x0)×XεΛ, (5.22)
where Bε(x0) is the open ball in Ω centered at x0 with radius ε. For every ε > 0 a suitable
0 < ε∗ < ε, depending only on ε and Λ, can be found in such a way that for every X ⊂ Rn:
(Xε∗Λ)ε∗Λ ⊂ XεΛ; (5.23)
(Rn \XεΛ)ε∗Λ ⊂ R
n \Xε∗Λ. (5.24)
Definition 5.8. Consider x0 ∈ Ω, X ⊂ Rnξ , m admissible weight. We say that a(x, ξ) ∈
Sm,Λ(Ω) is m−microlocally elliptic in X at the point x0 if, for some positive c0, R0,
|a(x0, ξ)| ≥ c0m(ξ), when ξ ∈ X, |ξ| > R0 . (5.25)
We write a(x, ξ) ∈ mcem,Λ(X(x0)).
We denote with mceΛ(X(x0)) the class of zero order microlocal symbols in X at the point
x0.
Definition 5.9. For X ⊂ Rn, x0 ∈ Ω and p ∈]1,∞[ we say that u ∈ D′(Ω) is microlocally
Hpm−regular in X at the point x0 ∈ Ω, and write u ∈ mclHpmX(x0), if there exists a
properly supported operator a(x,D) ∈ Op mceΛX(x0), such that a(x,D)u ∈ Hpm,loc(Ω).
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We say that a set family ΞΛ ⊂ Rn is a Λ-filter if it is closed with respect to the
intersection of any finite number of its elements and moreover:
X ∈ ΞΛ and X ⊂ Y, then Y ∈ ΞΛ; (5.26)
for any X ∈ ΞΛ, there exists Y ∈ ΞΛ and ε > 0 such that YεΛ ⊂ X. (5.27)
Proposition 5.10. For u ∈ D′(Ω) and a(x, ξ) ∈ Sm,Λ(Ω), the following families of subsets
of Rn:
Wpm,x0u := {X ⊂ R
n ; u ∈ mclHpm(Rn \X)(x0)} , 1 < p <∞; (5.28)
Σm,x0a := {X ⊂ Rn , a(x, ξ) ∈ mcem,Λ(Rn \X)(x0)} , (5.29)
are both Λ-filters.
We refer to the Λ-filters in the previous proposition respectively as filter of Sobolev
singularities of u ∈ D′(Ω) and characteristic filter of a(x, ξ) ∈ Sm,Λ(Ω).
Concerning the filter of Sobolev singularities of a distribution, the next result holds.
Proposition 5.11. The following conditions are equivalent:
a. ∅ ∈ Wpm,x0u;
b. there exists φ ∈ C∞0 (Ω), with φ(x0) 6= 0, such that φu ∈ Hpm;
c. there exist X1, . . . , XH ⊂ Rn, with
H⋃
h=1
Xh = Rn, such that
u ∈ mclHpmXh(x0) for h = 1, . . . , H.
We are now able to generalize the result of microlocal regularity stated in Theorem
4.5, in terms of Λ - filters.
Theorem 5.12. For m, m′ arbitrary admissible weights, associated to the same weight
vector Λ, consider a(x,D) ∈ ÕpSm,Λ(Ω), x0 ∈ Ω, p ∈]1,∞[. Then for any u ∈ D′(Ω) we
have:
Wpm′/m,x0a(x,D)u ∩ Σm,x0a ⊂ W
p
m′,x0
u ⊂ Wpm′/m,x0a(x,D)u. (5.30)
The statement may be expressed in more explicit form by the following
Proposition 5.13. Consider x0 ∈ Ω, X ⊂ Rn, p ∈]1,∞[, m admissible weight, a(x,D) ∈
ÕpSm,Λ(Ω), u ∈ D′(Ω). Then we have:
i) u ∈ mclHpm′X(x0)⇒ a(x,D)u ∈ mclH
p
m′/mX(x0);





5.3. Let us define now the positive function in R2








which may be considered as multi-quasi-homogeneous weight in Example 5.2, pre-
cisely here the set of vertices of the complete Newton polyhedron is
V (P) = {(0, 0), (3, 0), (2, 2), (0, 3)} .
The formal order of λ(ξ) is µ = 6. Then Λ(ξ) =
(
λ(ξ)1/6 + |ξ1|, λ(ξ)1/6 + |ξ2|
)
is a
weight vector and, for any r ∈ R, λ(ξ)r is an admissible weight.
Consider the linear partial differential operators in OpSλ,Λ(R2):








According to the rules of the symbolic calculus (see Proposition 5.5), their symbols
a(x, ξ) and b(x, ξ) can be written in the form







b(x, ξ) = (ix1ξ1 − ξ1 + ξ22)(ix2ξ2 − ξ2 + ξ21) + 2ξ22 . (5.35)
The term 2ξ22 that appears in the right-hand side of both formulas (5.34), (5.35) be-
haves as a lower order symbol with respect to the weight function (5.31). Observing
that λ(ξ)  (1 + ξ21 + ξ42)
1




2 , it rightly follows that A(x, ∂) and B(x, ∂)




As operators in OpSλ,Λ(R2), A(x, ∂) and B(x, ∂) fail to be λ−elliptic at the points
of the coordinate axes. The behavior of B(x, ∂) along the coordinate axes can be
summarized as follows.
i. At any point x0 = (0, x02), x
0
2 6= 0, the symbol of B(x, ∂) reduces to b(x0, ξ) =
(−ξ1 + ξ22)(ix02ξ2 − ξ2 + ξ21) + 2ξ22 , hence it is λ−microlocally elliptic in all sets
Xk of the type{





, 0 < k < 1 (5.36)
This means that a base of the characteristic filter Σλ,x0b is given by the family
of sets: {







Arguing similarly on the other points of the coordinate axes, we obtain that:
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ii. at any point y0 = (y01, 0) (with an arbitrary y
0
1 6= 0), the characteristic filter
Σλ,y0b admits as base the family of sets:{







iii. at the origin 0 = (0, 0), the characteristic filter Σλ,0b admits as base the family
of sets: ξ ∈ R2 ;










Applying Theorem 5.12 we obtain that for any solution u of the equation B(x, ∂)u =
f ∈ Hpλs,loc(R2), the filter of Sobolev singularities W
p








2 = 0) contains the
characteristic filter Σλ,x0b.
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